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Let D be a hypersurface in Pn(C) of degree d defined by
polynomial Q. The proximity function mf(r,D) is defined by
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Define the counting function

Nf(r,D) =
∫ r

r0

nf(t,D)
t

dt.

Then the First Main Theorem implies that

Tf(r) = mf(r,D) +Nf(r,D) +O(1).
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. ≤ .(n+ 1 + ε)Tf(r),

where the maximum is taken over all K ⊂ {1, . . . , q} such that
the linear forms Lj, j ∈ K, are linearly independent.

Remark: By considering φ : Pn → Pq–1 defined
φ(x) = [L1(x) : · · · : Lq(x)], we can assume that H1, . . . ,Hq are
coordinate hyperplanes.
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a = (a0, . . . , aN) with a0 + · · ·+ aN = d, and β(a) 6= 0. Then

eX(c) = max
a ∈ A

N∑
j=0

aj

 N∑
k=0,k 6=j

ck

 = d
N∑
i=0

ci− min
a ∈ A

(a0c0+· · · aNcN).

We now have
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f = (f0 : · · · : fN) : C → X ⊂ PN(C) be a Zariski dense
holomorphic map. Define, for every z ∈ C,

cj(z) = log
‖f(z)‖
|fj(z)|

, 0 ≤ j ≤ N,

and let c(z) = (c0(z), . . . , cN(z)). Denote by Ej, 0 ≤ j ≤ N , the
coordinate hyperplanes. Then, for every ε > 0,

N∑
j=0

mf(r, Ej)−
1
d

∫ 2π

0

min
a ∈ A

(a0c0(reiθ) + · · · aNcN(reiθ))
dθ

2π

. ≤ .(N + ε)Tf(r).
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Need to prove for f : C → X ⊂ PN(C),

1
d(n+ 1)

∫ 2π

0

eX(c(reiθ))
dθ

2π
. ≤ .(1 + ε)Tf(r).

For every a = (a0, . . . , aN) ∈ ZN+1

≥ 0 , x = (x0, . . . , xN), denote by
xa = xa0

0 · · ·xaNN . Let m be a positive integer. Consider the
Veronese embedding

φm : PN(C) ↪→ Pqm(C) : x 7→ (xa0, . . . , xaqm)

where xa0, . . . , xaqm are the monomials of degree m. Denote by
Xm the smallest linear sub-variety of Pqm containing φm(X).
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identically on Xm. Hence
dimXm = dim (C[x0, . . . , xN ]m/(IX)m) = HX(m) (m-th Hilbert
polynomial of X). Since Xm is a linear space, there are linear
forms L0, . . . , Lqm ∈ C[w0, . . . , wnm] such that the map
ψm : w ∈ Pnm(C) 7→ (L0(w), . . . , Lqm(w)) ∈ Xm is a linear
isomorphism, where nm = HX(m)− 1. Thus we have

C →f X ⊂ PN ↪→φm Xm
∼=ψ–1

m Pnm.
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m ◦ φm ◦ f : C → Pnm with linear forms L0, . . . , Lqm on Pnm
In fact, since Li(w) = xai, i = 0, . . . , qm, for J ⊂ {0, . . . , qm}

with #J = nm + 1 = dim(Xm), and that {xai : i ∈ J} is a basis
of C[x0, . . . , xN ]m/(IX)m, we have

log
∏
i ∈ J

1
|Li(F )(z)|

= log
∏
i ∈ J

1
|f0(z)|ai,0 · · · |fN(z)|ai,N

+O(1).

Recall that the Hilbert Weight of X w.r.r. the weight c is defined
by

SX(m, c) = max

HI(m)∑
i=1

ai · c

 ,
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where the maximum is taken over all sets of monomials
xa1, . . . , x

aHI(m) whose residue classes modulo IX form a basis of
C[x0, . . . , xN ]m/(IX)m. Then

max
J

log
∏
i ∈ J

‖F (x)‖‖Li‖
|Li(F )(z)|

= SX(m, c(z))−mHX(m) log ‖f(z)‖

+(nm + 1) log ‖F (z)‖+O(1),
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where the maximum is taken over all sets of monomials
xa1, . . . , x

aHI(m) whose residue classes modulo IX form a basis of
C[x0, . . . , xN ]m/(IX)m. Then

max
J

log
∏
i ∈ J

‖F (x)‖‖Li‖
|Li(F )(z)|

= SX(m, c(z))−mHX(m) log ‖f(z)‖

+(nm + 1) log ‖F (z)‖+O(1),

Applying the (general) cartan’s theorem, we get

∫ 2π

0

1
mHX(m)

SX(m, c(reiθ))
dθ

2π
. ≤ .(1 + ε)Tf(r).
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Now using (modified) Munford’s result:

1
mHX(m)

SX(m, c) ≥ 1
(n+ 1)d

eX(c)− (2n+ 1)d
m

(
max

0 ≤ i ≤ N
ci

)
,
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Now using (modified) Munford’s result:

1
mHX(m)

SX(m, c) ≥ 1
(n+ 1)d

eX(c)− (2n+ 1)d
m

(
max

0 ≤ i ≤ N
ci

)
,

we obtain our Main Theorem.


