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FORMAL POWER SERIES
IVAN NIVEN, University of Oregon

1. Introduction. Our purpose is to develop a systematic theory of formal
power series. Such a theory is known, or at least presumed, by many writers
on mathematics, who use it to avoid questions of convergence in infinite series.
What is done here is to formulate the theory on a proper logical basis and thus
to reveal the absence of the convergence question. Thus “hard” analysis can be
replaced by “soft” analysis in many applications.

John Riordan [4] has discussed these matters in a chapter on generating
functions, but his interest is in the applications to combinatorial problems. A
more abstract discussion is given by de Branges and Rovnyak [1]. Many ex-
amples of the use of formal power series could be cited from the literature; we
mention only two, one by John Riordan [5] the other by David Zeitlin [6].

The scheme of the paper is as follows. The theory of formal power series is
developed in Sections 3, 4, 5, 6, 7, 11, and 12. Applications to number theory
and combinatorial analysis are discussed in Sections 2, 8, 9, 10, and in the last
part of 11,

The paper is self-contained insofar as it pertains to the theory of formal
power series. However, in the applications of this theory, especially in the ap-
plication to partitions in Section 9, we do not repeat here the fundamental re-
sults needed from number theory. Thus Sections 9 and 10 may be difficult for
a reader who is not too familiar with the basic theory of partitions and the sum
of divisors function. This difficulty can be removed by use of the specific refer-
ences given in these sections; only a few pages of fairly straightforward material
are needed as background. In Section 11 on the other hand, the background ma-
terial is set forth in detail because the source is not too readily available.

2. An example from algebra. To motivate the theory we begin with an
illustration from algebra, to be found in Jacobson [2, p. 19]. Let g, denote the
number of ways of associating an z-product aia:a3 - - - @, in a nonassociative
system. For example g; =2 because ai(asa;) and (aia:)a; are the only possibil-
ities. Similarly gs=35 because of the cases a1(az(asa4)), a1((azas)as), (@1a2)(asas),
(a1(asas))as, ((@102)as)as. For n=2 it is easy to establish the recursive formula

n—1
@ gn = 22 4in—i»
j=1
by the following argument. In imposing a system of parentheses on ai1a:a;3 - - - a,
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872 FORMAL POWER SERIES [October

to make it a well-defined #-product, we can begin by writing
(2) (@102 - + - 0;) (410542 - * * @n).

Now the number of ways of associating the product aias - - -a; is g; by defini-
tion, and likewise the second factor in (2) can be associated in ¢.—; ways.
Hence (2) can be associated in ¢;¢.—; ways, and formula (1) follows by consider-
ing the possible values for j. Now define the power series

@3) 1) = 3 g

Taking for granted (for the moment) the multiplication of power series, we
see that for =2 the coefficient of * in {f(x)}?is

Q1gn—1 + @2gn—2 + Qsgn—s + * * + + gu1qr.
But this is ¢, by (1), and so we see that {f(x)}2=f(x) —x or f2—f+x=0.
Solving this quadratic equation for f we get
) f@) =f=3{1 £ ({1 — 42)12}.
The binomial theorem gives

1 3G —1)

+%(%—1)(%—2)-~'(%—n+1)

n!

(™

(—4x)2 4 - -

(—4x)™ 4+ - - -,

The coefficient of x* here can be simplified by multiplying numerator and
denominator by 2 to give

W(=D(=3)(=5) - - - (=2n +3)

1:3:5---(2n — 3) g

2n.pl (=4 = - nl
2n — 2)! .
T T D2 — 1)!
(2n — 2)!
T T S —

In view of the minus sign here we see that (4) holds with the minus sign and
not the plus sign. Comparing coefficients of x* in (4) we get the simple formula
for ¢n,

2n — 2)!
®) e

B ni(n —1)! '

This analysis, however, leaves a number of questions unanswered. Why can
we solve the quadratic to derive (4)? Why can we equate coefficients on the two
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sides of (4) to obtain (5)? To avoid hard analysis in answering such questions,
we now develop a theory of formal power series that involves no questions of
convergence or divergence. At the end of Section 5 we shall return to the ques-
tion of the validity of the procedure leading to formula (5).

3. Formal power series. Define a to be an infinite sequence of complex num-
bers

6) a = [ao, a1, as, a3, - - - .

By P we denote the class of all such infinite sequences @, and these are the for-
mal power series. There are three subsets of P that play a significant role:

P,: those sequences « all of whose components a; are real numbers;

P,: those sequences @ with ap=1;

Py: those sequences a with ¢,=0.
Although we have specified that the components a; in the elements of P are
complex numbers, the theory could be developed with the g¢; in any integral
domain.

If BEP, say B=[bo, by, bs, bs, - - - ], define addition by
a-l-,3= [ao+b0,a1+b1,az+b2,' ‘ ']’

Define multiplication by

aff = l:aobo, a1bo + dobl, @2b¢ + a0, + aobz, o, Z ajbn—j, cc ]
=0
The definition of equality is that = if and only if a;=20; for all j, i.e., =0,
1,2,3,---.
It is not difficult to establish that the set P is a commutative ring witha
unit. The zero element and the unit element are

z2=1[0,0,0,0,---] and = =[1,0,0,0.---].

Given any a= [ao, a1, as, as, - - - | the additive inverse of a is —a=[—ao, —ay,
—ag, —as, - - - |. The verification of the associative property of multiplication
is not difficult, and it is the only property of any depth in establishing that P is
a commutative ring.

Moreover, a3 =z if and only if @ =2z or §=2. If a =2z or § =2z it is obvious that
af3=z. To establish the converse, suppose that a3 =2z but a4z and B£3. Let
7 be the least nonnegative integer such that a;0, and similarly let & be the
least nonnegative integer such that 5;#0. Then the component in the
(j+k-+1)-th position in af is

Hk
Z rbji—r = a;br #0,

r=0

which contradicts af =z.
It follows that if a8 =ay and a3z then =%, and P is an integral domain.
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Given any « in P, there corresponds a multiplicative inverse a! if there is an
element o' in P such that
aal=ala=u=[1,000---]

THEOREM 1. If a= [ao, a1, as, - - - |, ! exists if and only if ag50.

Proof. Denote a~! by [cq, ¢1, ¢oy -+ + - ] We see that & o~'=u amounts to an
infinite system of equations

aoco = 1, asco + @oc; =0, -+ -, E AjCn—j = 0.
J=0

These equations can be solved successively for ¢q, ¢1, ¢z, + - - if and only if aq#0.

LEMMA 2. Let BE Py, so that B is of the form [1, by, by, bs, - - - ] Then for any
positive integer n we see that B*E Py, say Br=[1, c1, ¢z, €3, + -+ |. Also cx=n by
and for each k=2 we have ¢, =n by~+fux (b1, b2, + + +, bp—1) Where foi 1S an appro-
priate polynomial in by, bs, - + -, bg_1.

Proof. This result can be readily established by induction on #.

THEOREM 3. Let a &Py, say a=[1, as, as, as, - - - |, and let n be any positive
integer. Then there is a unique BE Py, say B=[1, by, by, bs, + - - |, such that Br=a.
Define al/»=4.

Proof. Using Lemma 2 we can solve the equations
nby = ay, nb, +f2,n(b1) = Qg + -, Nhy +fk,n(b1, bay + - -, bk—l) = Qg * * *,
successively for by, bs, b3, « -

THEOREM 4. For any positive integer n and a& Py, we have (o= 1)»=(a")~L
Define o= (a™)~! and a®=u.

Proof. We see thata*(a)*=a-a - - a-a~t-a"! - - - -a~l=u. (Another way
of establishing Theorem 4 is to observe that P; is a multiplicative group.)

THEOREM 5. Let m and n be any integers, n>0. To any o & P there corresponds
a unique BE P, such that a™=p*, i.e., B=a™".

Proof. This is a corollary of Theorem 3 with @ in that theorem replaced
by a™.

4. A power series notation. Let \ denote the particular element [0, 1, 0, 0,
0, - - - ] of P so that

A= [0’0’1,0,0) ° ']) A\ = [070,0,1,0,0,' ° ']1

and in general A*~! is the sequence with zeros in all positions except the nth,
where 1 occurs. We now introduce the notation

@ DN = ag+ e\ + a\?+ a\F+ - - -

=0
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for a=[aq, @1, G, - - - ]. What this amounts to is an agreement that a; in (7)
stands for [a;, 0,0, 0, - - - ] and that A\°=[1, 0, 0, 0, - - - ]. Thus we are not
extending the integral domain P to a vector space by introducing scalar multi-
plication; this could be done, but all we intend by (7) is an alternative, con-
venient notation for the elements of P. Thus z and % can now be written simply
as 0 and 1. The definitions of addition, multiplication, and equality of elements
of P can be rewritten as follows. With @ as in (7) and

B = [bo, bl, b27 tt ] = Zbﬁ‘j!

=0
then

a+p= Z (a; + b))\, of = Z( E Gkbj—lc) N,

7=0 J=0 \ k=0

and =g if and only if a¢; =5, for all j=0,1,2,3, - - -.
For example, in the earlier notation we could write

11, —1’0)0,0,'"]'[1’1’111’11"'] = [1’0,0,0,0)"'1’

This can now be written as (1—A)(14+N4+A24N 4 - -2 )=1, or (1—N)"!
=14N+A24N4 - . .. A general binomial theorem is established later, in
Theorems 11 and 17.

THEOREM 6. Let n be any positive integer, let a € P, and BE P,, so that o and 8
are real sequences. If n is odd, =" implies a=p. If n is even, a*=F" implies
a=Bora=—0.

Proof. We may presume a0 and 85%0. For if a =0, for example, then a* =0,

»=0and so =0, a=0. Let w denote the nth root of unity
w = ein = cos(2w/n) + i sin(2x/n).

Then a*—p"=0 can be factored a*—pB" = ]7.,;(@ —wiB) =0. If w’ is not real then
a—wB7#0 because o and B are real sequences with @20 and 80. If # is odd,
wi is real only in the case j=# and hence

a—wB=0, a—B8=0, a=24.

If n is even, w is real in the two cases j =#n and j=n/2, leading to the conclusion
that a=f or a=—f.
Consider an infinite sequence a;, @, a3, * + + of elements of P, say

@®) o= D, apN, k=1,2,3,--.
=0
DEFINITION. A sequence o, ¢, o, + + - as in (8) is said to be a sequence
admitting addition if corresponding to any integer r =0 there is an integer N=N(r)
such that for alln =N, ¢pn=081,=082= * + * =Qp=0.
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If this condition is satisfied we also say that D_«; is an admissible sum, and
we can write

Z aj = 231‘)"’

Jj=1

where for each integer » =0 the coefficient s, is the coefficient of A" in the finite
sum oy +oaz+ - - - +a, ie.,

Sr =0+ G+ -+ aen.

We note that s, is the coefficient of A in every finite sum ey +as+ - - - 4+, with
n=N.

LEMMA 7. Let oy, oz, 3, - - - be a sequence of elements of P admitting addition.
Let Bi, Bs, B3, - + - be a rearrangement of the o's in the sense that given any j there
exists a unique k such that o;=4. Then By, Bz, B3, + * - 15 also a sequence admitting
addition, and

artoartast - =fh+Bt+B+---.

Proof. Let r be any given nonnegative integer. For # sufficiently large the
coefficient of A" in ay+ast+as+ - - - equals the coefficient of A7 in the finite sum
a1+op+ - - - +a,. Similarly for # sufficiently large the coefficient of A in
B1+B2+Bs+ - - - equals the coefficient of A" in $14B2+ « + - 4B, And clearly
ovtop+ - - - 4o, and B1+B:+ - - - +B8. have identical terms in A"

Next we get a result analogous to Lemma 7 for multiplication. Consider an
infinite sequence 41, s, vs, - - - of elements of P of the form

(9) ‘71¢=Zc’jk7\j, k=1,2,3,"'.

J=1

Note that the sums begin with j=1. If this is a sequence admitting addition,
then we say that the related sequence

(10) 1+‘Y1;1+'Yz,1‘|“)’3a“'

is a sequence admitting multiplication. Furthermore, we write

©

A+ =142 g,

k=1 g=1

where ¢, is the coefficient of A in any finite product [[2.; (1+7v:) with % suffi-
ciently large that ¢;; =0 for 1 <j<7 if 2>n. Then it is clear that we can state
a result analogous to Lemma 7 as follows:

LeEMMA 7a. If (10) is a sequence admitting multiplication, so is any rearrange-
ment 1+06;, 1482, 1485, - - - of (10), and
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ﬁ(1+7k)=ﬁ(1+6l)~

k=1 k=1

5. Formal derivatives. Given any a in P, say a= Y ., a; N, define the
derivative D(a) and the scalar S(a) by

(11) D(a) = ija,‘ AL S(a) = ao.
=1

Define D?(a) =D(D(e)), and in general for any positive integer #, the nth
derivative is D*(a). Taking D%a)=a for convenience, we can now write a
McLaurin series expansion.

THEOREM 8. ar= Y (1/n1) S(D*()) - A"
The proof of this is quite easy.

THEOREM 9. If a &P, BEP then D(a+pB)=D(a)+D(B) and D(a B) =aD(B)
+BD(ar), and D(a") =na™—'D(a) for any positive integer n. Also if a—! exists then
D(a~') = —a~2D(a) and D(a") = —na—""1D(a).

Proof. The formula for D(a 8) can be established easily by comparing coeffi-
cients of A". By using induction on 7 we get the formula for D(a"). Next if we
differentiate @ a~'=1 we get the formula for D(a1). Finally, a—"= (a~!)" can
be used to write

D(a) = D((e)™) = n(a~ ) D(aY) = — na—"1D(a).
THEOREM 10. Let a &P,y so that S(a) =1. For any rational number r, D(a")
=ra™1D(a).

Proof. By Theorem 5 there is a unique meaning for ar. If »=m/n where m
and # are integers we can write

D((e)") = n(a)*'D(&), D((a)") = D(a™) = mam'D(a),

by Theorem 9. The result follows at once.
A simple version of the binomial theorem can be easily obtained from
Theorems 8 and 10, as follows:

THEOREM 11. For any rational number r and any complex number k,
r(r—1)
21!
rr—1D)r—=2)---(r—n+1)
n ( ( (

nl

A+ ) =14 r\) +

((ONEE S

B+ - -

Proof. First note that D(1+EN)*=2(14+EN)"2D(1+EN) =rk(1+EN\)™1, and
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so by induction on #,
DA+ =r(r—1)(r—2) - —n+ 1)k + )™

Now (14+%\)™" is a unique element of P; by Theorems 3 and 5, and so
S +EN)r—=1. It follows that

S(O*A+EN)) =r(r—1D)(r—2)---(r—n-+ 1)k

Now use Theorem 8 with « replaced by (1+%MN)7, and the result follows.

The form of the binomial theorem just established is sufficient in most ap-
plications, for example, to justify the argument given in Section 2. To see this,
we replace equation (3) with this definition of «,

a = Z qj)‘i)
=1
where the g; have the same meaning as in Section 2. Then the analysis following
equation (3) leads to a?=a—\. From this we can write 402—4a-41=1—4\, or

(1 — 2a)2 = ((1 — 4\)1/2)2,

By Theorem 6 it follows that 1 —2a=(1—4\)Y?, and so by Theorem 11 we
conclude that

1 bt qu)\ ol ZQ2)\2 bt ZQ3)\3 —_—
G-1DG—-2)

G-1 (a4 2222 Tyt

1
=14 = (—4
+ (- + 3

From the definition of equality in Section 3 we can now equate the coefficients
of A\* to get equation (5).

We want to get a more general form of the binomial theorem, namely the
expansion of (1+a)" where @ &€ Py, so that S(a) =0. To do this we define a formal
logarithm. But first we establish one more result about derivatives.

THEOREM 12. If autaataz+ - - - 4s an admissible sum of elements of P in
the sense of Section 4, then

D(a1+a2+a3+---)=D(a1)-|—D(a2)-|-D(a3)+---.

Proof. For any nonnegative integer  the coefficient of A* in the infinite sum
ontastaz+ - - - equals the coefficient of N7 in the finite sum oy +oe+ « -«
provided #= N = N(r). Hence the coefficients of A*~! are equal in the equation
in Theorem 12. But this holds for all 7, so the result follows.

6. Logarithms and the binomial theorem. A formal logarithm is not defined
for any element of P, but only for a &Py, so that S(a) =1. For any aE Py, say
a=1+4B with SEP,, define

L(e) = L(1 + B) = B — 382 + 38° — 384 + - - - = > (—1)#*16i/4,

j=1
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noting that this is an admissible sum as in Section 4. Thus L is a formal logarith-
mic function from P; to P,.

TraEOREM 13. D(L(a)) =~ 1D(cx).
Proof. With =1+ we use Theorem 12 to write
D(L(a)) = D(L(1 +B)) = D[B — 38° + 38° — 38 + - - -
= D(®) + D(~36) + DAY + D(~18) + - -
= D(B) — BD(B) + B>D(B) — B*DB) + - - -
=Dt -+ —p+ -]
= D(@)-(1 4+ B)' = D(a)-a71,
because D(a) =D(B) by definition.
THEOREM 14. If a EP, and v E Py then L(ary) =L(o) +L(v).
Proof. We use Theorems 13 and 9 to observe that
D(L(ay)) = (ev)™'D(ay) = (av)"{aD(y) + vD(a)}
=a"'D(a) + v D(7)
= D(L(a)) + D(L(v))
= D(L(a) + L(v))-
Now L(ay) and L(a) +L(y) are elements in Py, and it is clear from the definition
of a derivative that if ;& Py and 6, E P, and D(0,) =D (0.), then 6, =0,.
THEOREM 15. For any rational number r, L(a") =rL(c).
Proof. By definition L(1) =0. Thena-o~!'=1implies L(a) +L(e*) = L(a- &™)

=L(1)=0and so L(a!) = —L(a). For any integer #» we have L(a") =nL(a) by
induction. If r=m /% where m and # are integers we see that

mL(e) = L(a™) = L((a")*) = nL(a").
THEOREM 16. L() =0 if and only if a=1. Also if L(a) =L(B) then aa=0.

Proof. If L(a) =0 then D(L(e)) =D(0)=0 and so a~'D(a) =0. But a~15#0
and hence D(a) =0 and a=1.

THEOREM 17. If r is rational, if B is an element of P, so that S(B) =0, then
r(r—1)
21
re—1D@r—=2)---r—n+1)
+ ( B*

nl

(12) A+p =1+m+ g4 .-

+ ...

Proof. For convenience we write
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(r)=r(r—1)(r-2)~-~(r——n+1).

) n!

Let v denote the right side of equation (12) so that

D) = D(s) gf(;) gt

L)

(1 +006) = 26) 5 (7)o + D@ E](]) p

j=1 J i=1

o w2 =, o

-0 r+ 0@ So(. ] e

=2

27
= rD(B)I:l + };“,1(]) Bf] = ryD(B).
Multiplying by y~*(1+8)~* we get y"'D(y) =r(1+8)"'D(8) =r(1+B)"D(14-B).
But D(L(y))=v"'D(y) and D(L((1+B)"))=D(rL(1+p))=r(14B)"D(1+B),
and so D(L(y))=D(L((1+pB)")). Since L(y) and L(1+B)" are in P, it follows
that L(y) =L((1+4B)7), and so v = (1+8)" by Theorem 16.

7. The exponential function. Let § be an element of Py, so that S(8)=0.
Then we define

2 3 fd n
E$)=1+B+%+%+~"=Zﬁ

bl 4
n=0 7:
so that E is a function from Py to P;. Since E(B), as defined, is an admissible sum,
we can apply Theorem 12 to get

D(E®)) = D) {1 +8 +%+%+ . } = D@ E®).

THEOREM 18. If E(B) = E(y) then B=".

Proof. We observe that D(E(B)) =D(E(y)), so that D(B8)-E(B) =D(v)-E(y).
But E(B) #0 so that E(8) and E(y) can be cancelled giving D(8) =D(y), and
hence B=+.

THEOREM 19. If BE P, then L(E(B)) =B. If « EP; then E(L(e)) =c. Thus L
and E are inverse functions, L being one-to-one from Py onto Py, and E one-to-one
from P, onto P,.
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Proof. By Theorem 13 we see that
D(L(E@®)) = {E@®)}D(E@B) = {E®B)}-E(B)- D) = D).

It follows that L(E(B)) =8. Next, given any « in P; suppose that E(L(a)) =as.
Then L(E(L(a))) =L(cu) and so L(e) =L(ey). Hence @ =a4 by Theorem 16.

THEOREM 20. Given BE Py, ¥ E Py, then E(B+v) =E@B)-E(y).
Proof. By Theorems 14 and 19 we see that
L(E@®)-E(v)) = L(E@)) + L(E(™) = B+ 7.

Taking the exponential function of each side, and using Theorem 19 again, we
get the result.

By Theorems 15 and 19 we see that o =E(rL(a)) for any a &P, and any
rational r. This equation we take as the definition of & for any complex number
r, so that such properties of exponents as "o =a’+* follow at once for complex
numbers 7 and s. Also by use of this definition we note that Theorem 10 can
be extended to any complex number 7; thus

D(e") = D(E(rL(a))) = E(rL(a))- D(rL(a)) = a*-ra—'D(a) = ra™D(a).

Also Theorem 15 extends to any complex r by use of Theorem 19. Finally,
Theorem 17 holds for complex 7; in fact the proof of this result needs no altera-
tion for this generalization in view of the extended versions of Theorems 10 and
15 just mentioned.

8. An application to recurrence functions. For any given a, b, xo, x; define
a sequence X, X1, X2, X3, + + - by the recurrence relation %, =ax,}+0x,—1 for
n=1,2,3, - - .. The Fibonacci sequence is the special case with a =b=x¢=x,=1.
The problem is to determine x, explicitly in terms of a, b, xo, x1. If we define
a=xo+xN+xN2+xN+4 - - - we see that

(13) a — ala — b\ = xy + (%1 — axo)A.
If £y and &, are the roots of k2—ak—b =0 we see that (13) can be written as
(14) a(l — EN)(1 — k\) = 29 + (21 — axo).
CasE 1. Suppose that k;=k,. Then we see that
(15) a= {xo + (%1 — axo))\} (1 — k)2
Now by Theorem 11 or Theorem 17 we have
(A — BN = 1+ 2k\ + 3B\ + 460"+ BN 4 - - -,

and so equating coefficients of A" in (15) we get

% = xo(n + l)k: + n(x; — aaco)k';—1 or

Xy = nxlk:—l —(n— 1)xoky.

(16)
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CASE 2. Suppose that k;£k.. Multiplying the identity
ky — ko = k(1 — ka\) — Ea(1 — k1))
by (1 —kN)~! (1 —kN\)—! we get
(By — k)(1 — BN)Y(1 — k)t = k(1 — EA)™! — Eo(1 — Ra)) L
Multiplying this into (14) we have
(17) (k1 — k)a = {xo + (81 — amo)\} {B(1 — BA)™! — kao(1 — k)71,

Also we use k(1 —kA\)"=ki+EN+ENHEINS - - - +EM N4 . . .. Equat-
ing coefficients of A\* in (17) we have

(kl - kz)xn = :"?t)(k'f+1 - kg“) + (xl —axo) (k’; - kg)'
or
(18) tn = {mo(Ert — ko) + (w1 — awo)(ky — o)}/ (ks — ko).

The results (16) and (18) are well known; an alternative derivation is given in
[3, page 100]. An entirely different way of treating equation (13) is as follows.
We can write

(19) a=(1—ax — )z, + (21 — azo)r}.
Now by Theorem 17 we have
(1 —ax — 8Dt = 1 + (a\ + B\2) + (a\ + BAD)2 + (aA + BAD)3 4 - - -,

The coefficient of A\* here is

+(n—-1) 2b+(n—2> 4b2+(n_3) %+
n aﬂ" an_ n— o o »
¢ 1 2 3 )°

tn/2] -
= 3: (n . ]) a"2ipi,
=0 J
Equating coefficients of A* in (19) gives therefore
2l gy — Un=1)12l g — 7 — 1
Xy = %o X, ( . j) avpi + (21 — axo) ( ] )a"‘l“?fb".
i=0 J =0 J

Finally, let us return to the method used for deriving (16) and (18). This
method can be used with recurrence relations of higher order. Consider for
example any given real (or complex) numbers %o, x1, %2, @, b, ¢ and a recurrence
relation

Tnps = QXny1 + 0%y + CXpq, n=1,2,3,--..
If we define @ =xo+x A +xA2+ 2N+ - - - we note that
(20) a(l — aX — A2 — %) = %o + (%1 — axo)\ + (22 — axy — bxg)\%
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If the equation k*—ak?—bk—c =0 has roots &, ks, ks say, then (13) can be re-
written as

(21) a(l b k]_)\)(l hnd kg)\)(l - ks)\) = Xo ‘f" (x1 _— axo)A + (xz - a4y — be)AZ.
There are now three cases depending on the nature of the roots ki, ks, k3: three

equal roots, two equal roots, or distinct roots. The case of equal roots follows
the pattern of equation (15),

a = [xo + (x; - dxo))\ + (xz - axy — b’\’:o)>\2](1 ol k1>\)_3.
In the other two cases it is a matter of partial fraction expansions, in the sense
that constants qi, ¢z, ¢s, 44, g5, ¢s can be found so that
(1 - kl)\)_z(l - kz)\)—l = q1(1 - kl)\)_l + QQ(]. - kl)\)—‘2 -+ Q3(1 - kg)\)—l,
(1 "‘k1>\)_1(1 “‘kz)\)_l(l — ks)\)‘l = Q4(1 —"kl)\)_l—!’qS(l —k2>\)_1+Q5(1 - ks.}\)_l,
in the case of two equal roots or the case of distinct roots, respectively.
For example if a=6, b= —11, ¢=6 then we find that k=1, k=2, k;=3,
qi=%, gs= —4, g¢=9/2. Then (21) implies that
o = [y + (21 — 6x)\ + (w2 — 61 + 11xg)A?|
3 =N =4 = )T+ §(1 - 37,
23 —4-27+ £-3%) + (21 — 6x9) (3 — 4-271 4 §.37)
-+ (xz — 6x; + 11%’0)(% — 4.272 L %‘3"—2).

Il

Xn

9. An application to partitions. The notation p(n) represents the number of
ways that a positive integer # can be written as a sum of positive integers. Two
partitions are not different if they differ only in the order of their summands. As
usual, we define p(0) =1.

Let a; denote 14+N4N24N%4 . .. for every positive integer j. Then
o1, as, a3, - - - is a sequence admitting multiplication in the sense of (10) in
Section 4. By the standard argument, for example in [3, pp. 226, 227], we have

0 -]

(22) a1y - = Hai = Zﬁ(k)}\k'
Jj=1 k=0
But also we see that a;(1 —N\) =1 so that a;=(1—N¥)"1, and
(23) H aj = H (1 —A9)-L
i=1 i=1

Next let ¢°(z) denote the number of partitions of any positive integer » into
an even number of distinct summands, and similarly let ¢°(#) be the number of
partitions of # into an odd number of distinct summands. It is customary to
take ¢?(0) =1 and ¢°(0) =0. Then the coefficient of A" in the expansion of the
admissible product
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CRICRCICRRFURERESS | (e RmpO)

i=1
is seen to be ¢*(n) —¢°(n) by a simple combinatorial argument. It follows that

0

(24) H =) = 3 {gn) — @) e,

n=0

By use of graphs of partitions it can be proved, cf. [3, pp. 224-226], that
g°*(n) —q°(n) = (—1)7 if n is of the form (372+7)/2 or (3j2—j)/2 for some nonnega-
tive integer 7, and ¢°(n) —¢°(n) =0 otherwise. It is easy to prove that the sets of
positive integers

(Gl +1/2:5 =128 L, {@G~-)/%57=123,-}
are distinct, and hence (24) can be written as

(25) fI 1 -=-N)=1+4 i (—1)iAGM+DI12 4o \GF=i)12)
=1 =1

S R WD L IR AP LD LR ¢
This with (22) and (23) implies that

{1 + i (—1)i(\G 12 4 )\(3.1"—1')/2)} > p(RN =1,
i=1
(1= N—= A2 N F AT — A2 — A4 - ) 37 p(R)NF = 1.

For any positive integer #, the coefficient of A* on the left side of this equation is
pn)—p(n—1)—p(n—2)+p(n—35)+p(n—7) —p(n—12) = p(n —15)+ - - - .
Thus we have proved the following well-known result of Euler [3, p. 235].

THEOREM 21. For any positive integers n,

= é (=) p(n — G +9)/2) + p(n — (32 — 7)/2)}

with p(¢) =0 if £<0, so that the sum is finite.

It should be emphasized that the proof given here of Theorem 21 is not new.
The proof above is simply the usual one formulated in terms of the “soft” analy-
sis of formal power series.

10. An application to the sum of divisors function. For any positive integer
n let 0(n) denote the sum of the positive divisors of #; for example ¢(6) =142
+3+46. We establish a known recurrence relation [3, p. 236] for ¢(%), and again
the positive integers of the form (3k2—£%)/2 and (3k2+k)/2 play a role, namely,
the positive integers 1, 2, 5, 7, 12, 15, 22, 26, - - -.
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THEOREM 22. For any positive inleger k,

o) —e(k—1)—ak—2)+ (k=5 +ek =7 — -
_ [(—1)"““]”3 =G +5)/2 ork=(3—7/2,
0 otherwise.

Proof. Define 8= J]}., (1—N) so that L(8) = > £, L(1—\7),

—D(L(B) = — D) = D j(1 — A)~ni-1

=1
k
= > [N 4 AL s e L 1

- éf(nm-l,

where f(n) is seen to be the sum of all positive divisors of # that do not exceed
k. Thus we have f(n) =c(n) if n <k, and so we can write
k

(26) —B1D(B) = > a(m)\*t + i Fm)rm1,

n=1 n=k+41

Now equation (24) can be written with a finite product

k . el
@7) =TI —=X)=2Z{gm — 2w,
7=1 n=0
where ¢;(#) denotes the number of partitions of # into an even number of dis-
tinct summands <k, and g}(n) denotes the number of partitions of # into an
odd number of distinct summands <k. Define ¢f(0) =1 and ¢}(0)=0. If n <k
we note that gi(n) =¢*(n) and ¢¥(n) =¢°(n), so (27) can be written as

k 0
(28) B=2{gm) — M\ + ; {ge(m) — @m N,
n=0 n=k+1

We now equate the coefficients of M-! in —D(B) and in the product
B(—B~D(B)). From (28) it is clear that the coefficient of A*~1in —D(B) is

, o1 _ [~ (DR = (3% £ 1)/2,
—-k{q ) =g (k)} B [ 0 otherwise.
From (28) and (26) the coefficient of A*~! in B(—B~1D(B)) is
c(B){g*(0) — ¢°(0)} + ok — 1){g*(1) — W)} + o (& — D{¢*(®) — ¢°@)} + - - -
=ok) —ctk—1)—a(k—2)+c(t =5+t —T7) —---,

and so the theorem is proved.
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11. Trigonometric functions and differential equations. We now return to
the general theory of formal power series and make the definitions

0

sina = {E(ia) — E(—ia)}/2 = 3 {(—1)*a®*+1}/(2k + 1)!

0

cosa = {E(ia) + E(—ia)}/2 = 3 {(—1)*a?}/(2k)!,
k=0
where a is any element in Py. Thus sin e is in Py, but cos « is in P, so we can
define sec a = (cos a)~! and tan a=(sin a)(cos a)~'. However, we cannot now
define cosec « and cot «, but in the next section we extend the theory, to en-
compass these two functions. All the rules of differentiation now apply, such
as D(sin a) = (cos a)D(a).

The standard theory of homogeneous linear differential equations with con-
stant coefficients is valid. For example, in the second order case, let ¢ and b be
any complex numbers, and let 7; and 7; be the roots of x24-ax+b=0. Then a
solution for p in P of the equation D2(p)+aD(p)+bp=0 is

p = 01E(71>\) —I— CzE(fz)\)

with arbitrary constants ¢; and c¢,. It is easy to prove that this is the general
solution if 71 %7,. If 7, =7, the general solution is of course p =c1E(r\) +cAE(r1N).

We now give a brief sketch of the use of a differential equation to solve a
combinatorial problem, as in André [7, p. 172]. Our approach differs from that
of André in that we treat the differential equation in a purely formal sense,
which he did not. For n=2 let b, be the number of permutations ai, as, + + -+,
anof1,2, .- -, nsuch that a;>a;_; if j is even, and a;<a;_; if j is odd. Call such
a permutation an E-permutation. Similarly, say that ai, as, + + -, @ is an
O-permutationof 1,2, - - -, nif a;>a;1if jisodd, and ¢;<e;_1 if jiseven. Note
that if ai, @ - -+, an is an O-permutation then #n-+1—a;, n4+1—ay, - - -,
n-+1—a, is an E-permutation, and conversely. Thus there is a one-to-one corre-
spondence between E-permutations and O-permutations; there are b, of each
type. Define bp=1 and b, =1.

Next, consider the number of O-permutations with a;=#. It is not difficult
to see that there are b,-; of these. Also, there are no E-permutations with a; =n.
Turning to permutations with a; =, there are no O-permutations of this type.
However, the number of E-permutations with a;=# is (#—1)b,_,, or what is
the same thing (#—1)b;b,_2; the reason for this is that ¢; can be any element
among 1, 2, - - -, n—1 and the rest can be set up as as, a4, * * * , @s in by Ways.
A similar argument shows that there are no E-permutations with a; =#, whereas
the number of O-permutations with az =% is (§)bsb,—s. Thus by considering all
E-permutations and all O-permutations with successively a;=m#, then a;=mn,

then az=m#, - - -, and finally a,=#, we are led to the recurrence relation
n—1 nw — 1 n—1
2b, = Y, . bibn—j—1 or 2mc, = Z CiCn—j—1,
=0 J j=0
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where ¢, is defined as b,/n! for all nonnegative integers 7. Taking a to be the
formal power series

0
a = Z Ca\™
n=0

we can readily verify that the differential equation 2D(a) =a?+1 holds. Now
it is easy to verify from the definitions of the formal trigonometric functions
that sin2A+4cos2A=1,sec2A=1-+tan2\, D(tan \) =sec?\, D(sec N\) =sec A tan \.
Thus the unique formal solution of the differential equation is & =tan\+sec\.
(André gives the solution of the differential equation as a=tan (\/2+w/4)
which has no meaning in our formal definition of the trigonometric functions.
The usual formula for tan(a+8) in terms of tan a and tan 8 is valid, but tan = /4
=1 cannot be established in the formal theory. In fact tan 7/4 is not even
defined because w/4 is not an element of Py, although it is an element of P.)
Thus we have

o= D bA"/n! = tan\ + secA.

Now the power series for tan A has odd powers of A only, with coefficients
closely connected with the Bernoulli numbers [8, p. 268]. Similarly the power
series for sec X has even powers of N only, with coefficients related to the Euler
numbers [8, p. 269]. Thus André was able to relate the combinatorial numbers
b, to the Bernoulli numbers for odd %, and to the Euler numbers for even #.
(A different approach to this problem has been given recently by R. C. Ent-
ringer [9].)

From our point of view in this paper, the important aspect of this is that
André’s conclusions can be drawn with only a formal use of calculus and dif-
ferential equations and without any convergence questions in the use of «?,
the square of a power series, in the differential equation. The series expansions
for tan N and sec N come from those for sin A and cos \, and these are defined
in terms of the exponential functions E(#\) and E(—\A). The formal structure
carries the entire argument, with no need for the classical infinitesimal calculus.
Of course, such relations as sin? N4cos? A=1 have meaning only in terms of
formal power series in this context and not in terms of the geometry of right-
angled triangles.

12. Extension to a field. Since the set of formal power series P is a commuta-
tive integral domain, it can be imbedded in a field P* in the classical manner by
use of pairs of elements, cf. [2, pp. 87-92]. This construction is very well
known in the extension of the integers to the rational numbers. Thus P* is the
field of all pairs (&, 8) with a EP, BEP and B#0. Addition and multiplication
are defined by

(ab Bl) + (aZa 62) = (alﬂZ + ‘1261’ 6152))
(01, B1) - (a2, B2) = (102, B1B2).
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Two elements (o4, B1) and (a2, 82) are said to be equal if and only if a;8: =a,B:.
If B=1 we agree to write « for (o, 8) = (e, 1), so that P is a subset of P¥*.
Similarly we agree to write

(29) ( > N, N) as Y, a\,
=0 =0

where 7 is a positive integer. We prove in Theorem 23 that every element of P
can be written in this way, so that P* can be thought of as the class of Laurent
power series expansions, with a finite number of negative exponents allowed.

To do this we first define the degree of « for any @ in P, a5#0. If a=Za;N
then the degree of @, written deg(a), is the subscript of the first nonzero coeffi-
cient in the sequence of coefficients ao, a1, @2, * + - . If oy and @, are nonzero
elements of P it follows that deg (i) = deg(e:) +deg(ez). This definition is ex-
tended to P* as follows: if (o, B) EP* with @50 then deg(«, 8) =deg(a) —deg(B).
Degree is well-defined, because if (o, 81) = (c2, B2) then @82 =aB: and so we have

deg(an) + deg(B2) = deg(az) + deg(By),
deg(ar) — deg(By) = deg(az) — deg(By).

Next for any (o, B) in P* with a0, let deg(a) =m, deg(B)=n so that
deg(e, B) =m—mn. Then we see that 8 =A"8; where (8; has degree 0, so that 8,
has an inverse. It follows that (x, B) = (e, A"81) = (aB7*, A"). Now af;' has
degree m, so it can be written in the form

il =2 aN,  am#O.

J=m
Thus we have
(30) (@, B) = 2 aj\i—»,  am # 0,
J=m

by virtue of (29).

THEOREM 23. The representation (30) of any nonzero element (a, 8) of P* 1s
unique.

Proof. Suppose that (a, 8) can also be written as
(e, 8) = Z ¢, e # 0.
i=h

By the invariance of degree under different representations we see that m—n
=h—n and m =h. Also we have

(a,B) = (E aiNd, xn) = (é e, xn),
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and so by the definition of equality in P¥,

3 L)
Z aj}\ﬁ'n = Z Cjkﬁ-".

Je=m Je=m

The theorem follows by the definition of equality in P.

In the preceding section we saw that the trigonometric functions sin «,
cos a, tan , and sec @ could be defined for any element « of P, but not cosec «
and cot a. If a7#0 we can define the latter two functions from P to P*; thus

cosec @ = (1,sin @), cota = (cos a, sin ).
A simple calculation shows that
cosec A = A1+ (A/6) + (7A3/360) + - - -.

Finally, we note that the theory of formal power series, developed here in
analogy to power series in a single variable, can be extended in a similar way
to the multiple variable case.

Work supported by NSF Grant GP 6510.
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